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In 1929, B. Knaster, C. Kuratowski and S. Mazurkiewicz, using the 
Sperner lemma as a tool, established the following geometric result: 
Let X be the set qf vertices of a simplex in E = R” and let F: X -+ 2” be a 
compact valued map such that conv{x, ,..., xk} c Uk=, F(xi) for each subset 
{x ,,..., x~}cX. Then n {F(X) 1 XEX} #@. 
It is well known that the above theorem on closed coverings of a simplex 
is equivalent to the Brouwer tixed point theorem and to the Sperner 
lemma. The above theorem was not fully appreciated when it was dis- 
covered, but its power for various applications in nonlinear functional 
analysis began to appear in 1961. In [2], Ky Fan proved that the assertion 
of the KnasterKuratowski-Mazurkiewicz theorem (simply, KKM- 
theorem) remains valid when X is repaced by an arbitrary subset of any 
Hausdorff topological vector space E, and (what is more important) he 
gave numerous applications of this generalization. Since then, numerous 
applications and extensions of this generalization have been found in 
[ 1, 3,4] and others. 
The aim of this note is to extablish theorems on the intersection proper- 
ties of open covers and to give some applications which can be compared 
with the previous applications of Fan’s generalization of the 
KKM-theorem. 
Let E be a Hausdorff topological vector space. We shall denote by 2” the 
set of all subsets of E and by conv(A) the convex hull of A. Let X be an 
arbitrary nonempty subset of E. A map F: X+ 2” is called a KKM-map 
[l] if conv{x, ,..., xk} c Uk=, F(x,) for each finite subset {x, ,..., ,Y~} of X. 
Now we prove the following basic result by using the Kakutani fixed 
THEOREM 1. Let X = {x, ,..., x,,} he the set of vertices of a simplex S” ’ 
in E=R” and let F: X-r 2E he an open valued KKM-map. Then 
n:l=, F(x,)+fzI. 
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Proof: Suppose the contrary, so assume that n?=, F(x,) = @. Now we 
define a map G: S”- ’ -+2’“-’ by G(r)=conv{x, j y$F(x,)) for each 
YES-‘. Then each G(y) is a nonempty closed convex subset of Y ‘. 
Since F is a KKM-map, each element of S” ’ is contained in some F(x,) 
for i = l,..., n. Therefore, each G(y) is a proper subset of S” I. In order to 
apply the Kakutani fixed point theorem to G, we must show that G is 
upper semicontinuous. Since s” ’ 1s compact, we will show that the graph 
of G is closed. Let (y, Z) be a point in s” ’ x s” ’ which does not lie on 
the graph of G, i.e., z $ G(y). Then there exists an open neighborhood V of 
7 in s,1-l which is disjoint from G( y ). Suppose G(y) = conv{ x,, ,..., .x,~ }, 
where 1 d i, ,..., i, d n. Then each F(x,,) ,..., F(.Y,~) does not contain I’. Now 
let J= { l,..., n} - {i, ,..., ik}, then y is contained in nltJ F(x,). Since every 
@,I is open, ltJ F(x,) is also open in E. Therefore there exists some 
open neighborhood U of y in 5”’ ’ which is contained in fi,, ,, F(x,). Then 
for every x E U, G(x) c conv{x ,, ,..., x,, } = G(y). Hence we have an open 
neighborhood U x V of (y, Z) which does not intersect the graph of G, i.e., 
the graph is closed. Therefore G is upper semicontinuous. Applying the 
Kakutani fixed point theorem to G, there exists XE S” ’ such that 
x E G(x). Therefore, since F is a KKM-map, we have 
xEG(x)=conv{x, / iEI}c IJ F(x,), where I= {i / x4 F(.Y,)}. 
IEl 
But x4 Ui,, F(xi); it is a contradiction. 
Remarks. (i ) Note that the open valued KKM-map F is independent 
of the closed valued KKM-maps. In fact, although there exists a closed 
valued selection of F, we cannot assure that such a selection also satisfies 
the KKM-condition. Therefore Theorem 1 is different from the classical 
KKM-theorem. 
(2) Theorem 1 is also related to the concept of covering dimension of 
an n-dimensional simplex [7]. 
Since Theorem 1 applies only to the finite dimensional case, it is 
necessary to reformulate it in the following generalized form: 
THEOREM 2. Let X he an arbitrary set in a HausdoTff topological vector 
space E. Let F: X + 2” be an open valued KKM-map. Then the ,family 
{F(x) 1 x E X) of sets has the finite intersection property. 
Proof: Assume that for some finite subset ix,,..., x,} of X, 
n;= 1 F(xi) = 0. Let C = conv{x,,..., xn} be a compact convex subset of E. 
Now consider a map G: C + 2’ defined by G(x) = convfx; 1 x 4 F(x,)} for 
each x E C. Then, by the same proof as Theorem 1, we can induce a con- 
tradiction. 
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Using Theorem 2, we now prove an interesting fact, which can be com- 
pared with Fan’s fixed point theorem [3]. 
THEOREM 3. Let C he a nonempty closed convex subset in a Hausdorff 
topological vector space E and F: C + 2c‘ he a map such that 
( 1 ) F(X) is closed jtir each x E C. 
(2) F~‘(y)isconve.uforeachy~C. 
Furthermore, assume that C can he covered by some finite number of closed 
sets F(x, ) ,..., F(x,,). Then there exists M’ E C such that w E F( M’). 
Proof: Define a map G: C+ 2“ by G(x) = C--F(x). Since F(.u) is 
closed, each G(X) is open in C. Since C can be covered by the union 
u:‘=, Ku,), 
,fi, G(x,) = C--m ij F(x,) = 4. 
,=I 
Therefore G is not a KKM-map, so there exists a finite subset 
C such that 
w = i j., y, $ fi G( y,), where ,i, 2, = 1 and 
,=I ,=I 
{ I‘1 ,..., .vk f of 
2, 3 0. 
Thus w E nt=, F(y,), y, is contained in F ‘(\v) for every i= l,..., k. Since 
F ‘(w) is convex, w=C~_, 3.,y,~F ‘(IV), i.e., M‘EF(w). 
The followings are easy consequences of Theorem 3. 
THEOREM 4. Let C be a nonempty closed convex subset in a Hausdorff 
topological vector space E and let T: C + 2“ he an upper semicontinuous con- 
vex valued map. Assume that there exists somefinite subset K of C such that 
T(x) n K # @ ,for ever), x E C. Then T has a ,fixed point. 
THEOREM 5. Let C be a compact convex subset in a Hausdorff 
topological vector space E and let ,f: C x C -+ R be a real valued function such 
that 
(I ) y +,f(x, y) is continuous ,for each .K E C. 
(2) x +,f’(x, y) is quasi-concave for each y E C. 
Assume thatfor any k E R, there exist x, y E C such that f‘(x, y) > k. Then the 
restriction of ,f on the diagonal qf C x C is unbounded. 
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